Optional/Advanced: Homework 3. Chapter 3.
Position vectors and geometry

PR " —

3.1 Position concepts - what objects have a position vector? (Section 3.1) | S® |
Draw ¥, the position vector from a point O to some object S. : :
In general and without ambiguity, S could be a (circle all appropriate objects): | |
Real number Line Set of points [Center of a circlel : i'> :
Vector Triangle Reference frame |Mass center of set of particlesl I |
Matrix Point Rigid body |[Mass center of a rigid body]| | o |
3D orthogonal basis Flexible body  System of particles and bodies : :
»Q
3.2 Calculate the area of a triangle (position-vectors and/or trigonometry) / A
Length of side |a 2m There are multiple ways to do this problem
Length of side |[b| 4m including vectors and trigonometry.
Length of .51de c| 24m - Optional: Calculate area using just + — x / /. o0 = i/
Area of trlangle 1.824|m Solution at www.MotionGenesis.com = Get Started = 2D/3D geometry.

3.3 Calculate the length of a triangle’s side (position-vectors or trigonometry)
Length of side

a

Length of side |c¢| 24m There are multiple ways to do this problem /

Angle opposite ¢ ||  25° /
b ——

Length of side 4.059| m

2.0m Calculate the length of side b to 3" digits.

including vectors and trigonometry.

Solution at www.MotionGenesis.com = Get Started = 2D/3D geometry.

3.4 Trigonometry: Lengths, angles, and surface area/normal. (Sections 2.9, 2.10, 3.4)

Al-=-20---Fl=r—-—mmm=-15 -~ -

miniabal A RO
0% :’:'0:0:0:'0:0:‘0:0:'20,'0"
0,'000‘ I, W

C  Three cables attach a microphone @ to pegs A, B, C.
Known: Peg and microphone locations from point N,

K 0:'0:0:':::' AU Quantity Symbol Value
NN 0:0 ',?:%:::of’/‘ -
KNI Distance from A to B AB 20 m
Distance from B to C BC 15m
Distance from N, to B h 8m
i, measure of “°¥¢ T 7m
fi, measure of “°¥° Yy 5m
i, measure of “°¥? z 8 m

Nog® = zn, 4+ yh, + 21,
Note: The floor is horizontal, the walls are vertical.
Quantity Symbol Value
Calculate/verify (2" significant digits) Length of cable jomng A and @ La LS m
h value in th bl he rich Length of cable joining B and @ Lg 11.0 m
each value 1n the table to the right. |7+, of cable joining C and Q Le 117 m
Note: Apcg is the triangle formed by |Angle between line BQ and line BC ol 50.7 |°
points B, C, and Q. Surface area of Apcq Area 64.1 | m?
Unit vector perpendicular to Apcg u [0.936]|n, + 0.351 n,

Consider the situation when the angle between the side wall and back wall (n. and n.) is 6 (not 90°).
Express the surface area of the cloth that covers that covers Apcg in terms 6.
Result: (Hint: Section 3.4 shows how to calculate related quantities).

— l 2 2 ainl Solution at www.MotionGenesis.com =
Surface areca = 2 \/745 + 120 Sin (0) Get Started = 2D/3D geometry.

Calculate the surface area of the shadow of Apcg on the (infinite) floor when light is perpendicular to
the floor. Optional: Recalculate when light is perpendicular to Apc( (assume the walls are translucent).

Result: Shadow surface area = m? Shadow surface area = [ 68.4375 | m?
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3.5 Ankle angle and anatomical landmarks. (Section 2.9)
The following human lower-leg schematic has the relevant anatomical bony landmarks:
e Point A: Midpoint of the lateral and medial malleoli (near the ankle).
e Point B: Near the metatarsal phalangeal (towards the big toe).
e Point C': Midpoint of lateral and medial femoral condyles (near the knee).

Reflective markers are attached to points A, B, C' to capture their
positions from a point N, (fixed in a motion-capture laboratory N). Mo-
tion capture hardware and software record the following marker
data in terms of orthogonal unit vectors ny, ny, n, fixed in N.

No= A ~ ~ ~
= TaDx + yandy + 24N,
N,

e
r
-B ~ ~ ~ B
°f” = zpny + ypn, + 2zpn, (A %
No=C ~ ~ ~
r = zony + ychny + zgn,

: « » AzB A=C

Determine the value of the “ankle angle” 0 between “r~ and “'r

for the following special-case of a right triangle.

Note: This result is useful for verifying the more general expression.

A =0 ya=0 24=0 A
tp=1 yp=0 zg=0 Result: § = 45°
zc=1 yo=1 2¢=0 Courtesy Dr. Dan Jacobs,

Dr. Gabriel Sanchez.
Find a general expression for 0 in terms of x4, ya, za, B, YB, 2B, ZC, YC, 2C-
Result:

0 — a,cos{ (IL‘B—-'EA)(IL‘c—IL‘A)+(yB_yA)(yC_yA)+(ZB—2A)(zC—zA) }
\/( 2p=2a)* + (yr—ya)* + (28=24)° \/( To—2a)? + (Yo—ya)? + (z2c—2a)?

Solution at www.MotionGenesis.com = Get Started = 2D/3D geometry.

3.6 tDistance from a line (2D/3D geometry). (Section 2.9).

A common geometry problem is to determine how far a point S is from a line PQ. The figure to
the right shows points P, @), and S whose position vectors from a point A, are written in terms of
right-handed, orthogonal, unit vectors ay, ay, a,, as

A()i:P ApzS

~ Ao= ~ ~ ~ ~ e
= pax "rQ: qay r’- = szax + Syay + S;ay Tay

Denoting C as the point on line PQ closest to S, determine the following
(in terms of p, ¢, Sz, Sy, s- and symbols in the table below). Q

Distance between P and Q d%/F =/ p* + ¢*

. v qs‘, — PSa + pp
Distance between P and C  dF/¢ = !

de/?
‘ dP/C dP/c
s L. PaC -~ -
C’s position from P r = -p W a, + ¢ JorF a, é-°

Solution at www.MotionGenesis.com = Get Started = 2D/3D geometry.
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3.7

3.8

Distance from a plane (2D geometry). (Section 2.9)

A common geometry problem is to determine how far a point is from a plane. For example, the
following shows an a, side-view of a rectangular skylight window with corners at points P and Q.
The position of P and @ from A, (a point inside the window/building) are 1ﬁy

known in terms of right-handed, orthogonal, unit vectors ay, ay, a,.

A street-lamp (not shown) is planned to be built near the window with a point Q
S’ (the point of the street-lamp nearest the window) located as given below.

AgP — 1ma, *¥9=1ma, % =1ma, + 05ma,
Calculate (or guess) a vector 1 outward-normal to the skylight window.
Determine d, how far S is outside the infinite plane containing the window. ﬁz Side-view
Result: (n is perpendicular to the window and points outside, and d is positive if S is outside the building).
n=1a, + 15y (i is not a unit vector since |ii| =/2) d = % =~ (.35 meters

Optional: Generalize these results using the symbols p, ¢, sz, s, shown below.

AP — pay Aog@ — qay AopS — g 8, + Sy Ay
Sy + @Sz —
Result: Unit vector i = —————a + £ ay g=2w" 3% " B9

SRR A
Vpi+a’® Vpi+g®

Solution at www.MotionGenesis.com = Get Started = 2D/3D geometry.

Vit q?

tDistance from a plane (3D geometry). Courtesy Dr. Adam Leeper. (Section 2.9)

A common geometry problem (in computer graphics, construction, biomechanics, engineering, etc.) is to de-
termine the normal to a plane. For example, the following figure shows points P, @), R located at
corners of a triangular skylight window and a point A, located inside the window/building.

The position vectors of P, @, R from A, are known in terms of ay
right-handed, orthogonal, unit vectors ay, ay, a, as 0
AP — pa,  AFQ = qay Aogh — 13,

e Draw a unit vector n outward-normal to the skylight window.
e Calculate the outward-unit-normal fi to the skylight window.¢

-~
R N a
Result: (Express the unit vector n in terms of p, g, r, ax, ay, a,). P_g
. 4grac + pray, + pqa,
n = R

\/p2q2 + p2r? 4+ @212

A street-lamp (not shown) is to be built outside the window. Az

Draw a point S (the point of the street-lamp nearest the window) at AogS — Spay + Sy ﬁy + s,a,.
Determine the measure d of how far S is outside the infinite plane containing the skylight window.
Result: (A positive value of d means S is outside the building whereas a negative d means S is inside).

Pgsz + prsy + qrse. — pqr

\/pz @2 + pPr + ¢2r2

Guess: When p=¢=7r=1m and s, =s,=5,=05m, Sis inside/ the window.

Optional: Check your guess by calculating d. d = 07%’ ~ 0.29 m

Solution at www.MotionGenesis.com = Get Started = 2D/3D geome-
try.

d =

¢Optional (hint): List 2t geometrical objects perpendicular to n

(e.g., specific planes, lines, or vectors). l Line RP r Line RQ l Line PQ '
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3.9

3.10

Laser intersection (2D geometry).

The figure shows a laser A pointing at an object with a beam that passes through a point A, in
the direction of 31, — Ny, where unit vectors T, Ny are fixed in a horizontal plane N with n,

horizontally-right and ny vertically-upward. A,’s position from N, is Nogdo — 9 Ny (in meters).
. . Esfo
e Determine the distance s; from A, to Np. A =
Ny, is the point of N that is hit by the laser beam.
2 ~
° 1'Determine the distance sy from A, to Cfy. 1ﬂy
C' is the point of ellipse C that is hit by the laser beam. No (®

Results:

1 ~ [6.32|m s ~ |3.81|m 5

C is an ellipse in contact with N whose major axis is parallel to ny has semi-diameter of a = 1.4 m and whose minor

axis has semi-diameter of b = 0.7 m. The position vector from N, to C, (C’s geometric center) is V¥ = 510, + bny.

l'-]:lasel' intersection (3D geometry). Solution at www.MotionGenesis.com = Get Started = 2D/3D geometry.

Each figure shows a laser A pointing at an object with a beam that passes through a point A, in the
direction of 310, — N, 4+ n, where iy, Ny, N, are right-handed orthogonal unit vectors fixed in a flat
horizontal plane N with ny horlzontally-rlght and 1, vertically-upward. Point A,’s position vector

from N, (a point fixed in N) is Nogdo — R, + 21y (all lengths are in meters).

Consider a laser beam that hits point Ny, of a horizontal
plane N. Find the distance from A, to Np.

Now consider the laser beam when it hits point By, of
a vertical wall B that is in the ny-fi, plane (the wall is
perpendicular to ny). The wall is 5 m from N, and its lower

® 2,
B, iz
edge is parallel to n,. Find the distance from A, to By. B N

]
Result: Ao"l:NL| — m Aoi."BL| — m Side-view

A laser beam hits point @) of a vertical cylinder B of
radius 1 m. The point of B’s symmetry axis in contact
with N is denoted B, and its position from N, is
NogBo — 59,421, Find the distance from A, to Q.

Result: Aoi-‘Q| = [3.83|m

A laser beam hits point @) of a sphere B of radius 1 m. &=t
The position to the point of B in contact with N is
5n,+2n,. Find the distance from A, to Q.

Result: Aoi:Q| = [3.85|m

Side-view

Copyright © 1992-2022 Paul Mitiguy. All rights reserved. 310 Homework 3: Position vectors/geometry



3.11 tOptional: Tetrahedron height, angle, volume. (Sections 2.9 and 4.6, Hw 2.19)
Consider a tetrahedron with vertices O, P, @), R. The table below gives the
lengths of three sides of the tetrahedron and the angles between those sides.

Description Symbol | Value || Description Symbol | Value
Length of OP L, 1 m |[Angle between OP and OQ Q12 60°
Length of 0OQ L, 2m | Angle between OP and OR Qs 55°
Length of OR L 3m | Angle between OQ and OR Q23 50°

Tetrahedron sides are positive (L; > 0) and angles 0 < gi; < 180° (gi; = qu2, 913, g23).

Form explicit expressions and calculate values for the:

e Height h of point R above the horizontal plane formed by triangle AOPQ
e Angle 6 between plane AOPQ and side OR (0 < 6 < 90°).

e Calculate the area A of AOPQ. Optional: Calculate the tetrahedron’s volume V.
Result: (2* significant digits) Note: There are multiple methods for finding h, 6, etc.

h =212m 0 = 45.12° A = § Ly Ly sin(q12) = 0.866 m? V=3Ah = 0614 m*

h=+L%—-d& 0= acos(l%) 6 = acos [Sm o) ] h = L3 sin(f)

where @125 = +1/cos?(qi3) + cos?(gas) — 2 cos(qi2) cos(qis) cos(gas) = 0.611
cos(f) = N2 0.706 d = L 'a123 = Lj cos(6) ~ 2.117m
sin(qy2) sin(qy2)

Solution at www.MotionGenesis.com = Get Started = 2D/3D geometry.

t tOptional: Derive the tetrahedron volume formula V' (use Calculus — not formula look-up).
ttOptional: Derive formulas for a uniform-density tetrahedron’s center of mass location and its inertia dyadic about

point O. These formulas are used by CAD/CAE software for calculating mass/inertia properties of generic 3D solids.
Verify the distance between point O and the tetrahedron’s center of mass is 1.3 m.
Verify for a 1 kg tetrahedron, its principal moments of inertia about point O are: 0.135, 1.957, 2.023 (kgm?).

3.12 tOptional: Intersection of two cones.
Two cones A and B share a common vertex and have cone unit
vectors Uy and Up and cone angles 0, and g, respectively, as

Ug = n, 6HOp = 40° up = ny 6O = 60°

The position vector ¥4 from A’s vertex A, to any point on A’s surface
is related to U4 and @4 as shown below. Similarly for the position
vector ¥ from B’s vertex to any point on B’s surface.

Fa-Uy = |fA| cos(fa) rp-uUp = |f3| cos(0B)

In general, two cones have various ways to intersect including at a single point (shared vertex), along
one line, two lines of intersection (penetration is the case shown here), and complete surface overlap.

e Find unit vectors U; and Uy parallel to the lines of intersection of the cones (in terms of 4 and 6g).
e Repeat the analysis when cone B is tilted so Uip = N, + Ny + N, (numerical result).
Result: | When iip = Ay | Wheniig = n,+n, +1,

Uy | cos(6a) nx + cos(fs) ny + /1 — cos2(fa) — cos?(fs)n, | 0.766 0 — 0.402n, + 0.5021n,

Uz | cos(fa) nx + cos(fs)ny — /1 — cos?(fa) — cos?(fs) 1, | 0.766 0% + 0.502n, — 0.402n,
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3.13 Optional: Shortest distance to a point on a planar curve

The following figure shows a particle @ on a planar Tgrve C that is fixed in a reference frame A.

Right-handed orthogonal unit vectors ay, ay, a,

are fixed in A with a, horizontally-right and \----4-ee - SRREEE e A i
a, vertically-upward. The position of @ from [\ ... - 0 _____ o /)
a point A, fixed in A and the position of an Q@ b’ _____ L AN N\
arbitrary point P from A, are by ! :
abee N\
AxQ = za, + ya,

AxP — za, + 73,

where z and y are functions of a variable s (e.g., ®' ------ REREE o e R REREEE

s may stand for z, y, measure along the curve, or time). Ao‘ ! : ! i i _a
1 2 3
(a) Form @’s position from P and the square of the distance d between P and Q.

Results P50 = @-)a + (W-7)4 @ = (@-27 + (y-9)°

(b) Show that the following equation governs the shortest distance from the curve to point P.
Hint: Since d is inherently positive, minimizing d? is identical to minimizing d.
Result: _dx _dy

(@-2) 0~ + (y-9) - =0

s ds

(c) Given a cubic spline curveof y = 4 + -85z 4+ 722 + -1.52° and ¥’ =1, + 36, find

the shortest distance from P to the curve and the corresponding values of z and y.

Result: distance = 0.85875 z = 015128 y = 2.869
(d) Show that when @ is closest to P, PzQ g perpendicular to the curve by showing
. . A3 A=2Q
PE@. by =0 where by is parallel to ddisr

(e) Optional: Given the position of a particle @ on a 3D curve from a point A, that is expressed
as a function of a variable s and the known position of an arbitrary point P from A, as

AgQ — z(s)ax + y(s)a, + 2z(s)a, AgP — za, + ga, + z3a,

Show that the following equation governs the shortest distance from the curve to point P and
show that when @ is closest to P, P3Q s perpendicular to the curve by showing

R R A Au=Q
PrQ. bx = 0 where by is parallel to dd—sr
Result: _dzx d _dz
(z-2) = + W-9)=% + (-2 =0
ds ds ds
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3.14 Optional: Differential geometry: Circumference, area, normal, tangent for an ellipse.
The following figure shows a point @ on the periphery of an ellipse B whose center is point B,.
Right-handed orthogonal unit vectors by, by, b, are fixed in B with
° Bx horizontally-right and aligned with the ellipse’s minor axis
° Ey vertically-upward and aligned with the ellipse’s major axis
e b, perpendicular to the ellipse.

Right-handed orthogonal unit vectors €y, €y, €, are initially directed with

e = b; (i=xy,2) and then are subjected to a rlght-handed rotation in
B characterized by 0b so ey points from B, to Q and e, = b

Description Symbol Type Value
Half-diameter of ellipse minor axis a + Constant 2
Half-diameter of ellipse major axis b + Constant 4
Distance between N, and Q r +Variable Varies
Angle from Bx to €, with +Ez sense 0 Variable  Varies

When Q’s position from B, is expressed in terms of scalars z and y as shown below-left,
the equation of the ellipse can be written as shown below-right.

~ . 2 2
2 Bog@ _ 3, 4 yb, =+ 5=

r -
a b2

(a) Referring to Sections 7.7 and 7.8, and denoting ¥ as @’s position from B,, form |Bdf| (the
magnitude of the vector differential of ¥ in B). Next, write an integral (with appropriate limits) for the
ellipse’s circumference in terms of df.! Then, express r and d 1n terms of 6

Result:
|Bdi:| = 4/ (rdf)? + dr? Circumference = / |Bd" | / \/—(é_ do

ab dr -ab(a? —b2) sin(6) cos(0)
\/ a? sin?(6) + b2 cos?(6) d0 /a2 sin2(8) + b cos?(8)

r =

(b) Find a formula for the circumference when a = b is constant (the ellipse is a circle).
Calculate the circumference of an ellipse (4% significant digits) when @ =2m and b=4m.
Express the area dA of the triangle formed by points B,, Q(6), and Q(0+d#): first as a function
of ¥ and d¥; then as a function of r and 6.
Next, calculate the area of an ellipse (4" significant digits) when a =2 m and b =4 m.?

Result: Circumference of circle = 27 b Circumference of ellipse = 19.377 m

1 1, 1 a?b? . - )
dA = §|rxdi"|d0 = 35T do = 2 a2 s (8) + B cos2(d) do Area of ellipse = 25.133 m

(c) There is an exact closed-form solution for the circumference of an ellipse. True/ [False].
There is an exact closed-form solution for the area of an ellipse. / False.

(d) Draw an outward normal vector fi and tangent vector t at point Q.
Express fi and t in terms of Bx, By, BZ when = = %.
Ellipse: a=2 and b=4 | Circle: a=2 and b=2
Result: i = 1.0b, + 0433b = 0.5by + ().8666y
t =

fi
0.433by + 1.0by, | t = -0.866b, + 0.5by

When a = b (the ellipse is a circle), fi is always parallel to @/ Beg [True]/False
When a # b (the ellipse is not a circle), 1i is always parallel to Q/Bog True/

!The integral simplifies by noting that df is positive when the integral’s upper-limit is larger than the integral’s lower-limit.
2Verify your numerical integration result with the following formula for the area of ellipse: Area = wab.
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3.15

3.16

[~

2
(e) Optional: Show how the definition of an ellipse results in F(z,y) = :1:_2 + 'Z—Q -1=0.
a

Optional: Normal to a sphere

A sphere can be defined as the locus of points that are a distance r (called the sphere’s radius) from
a point B, (called the sphere’s center).

The figure to the right shows a sphere of radius r that is centered at
point B,. The position of a point ) on the sphere’s periphery from
centroid B, can be expressed in terms of scalars z and y and right-
handed orthogonal unit vectors by, by, b, as

Bog@ — IBX + yBy + zgz
e Show how a sphere’s definition results in the following relationship.
Result: Flz,y,z) = a?+ 12 +22 —12 =0

When a scalar function F' describes an object’s boundary, the spatial gradient VF is normal to the

boundary. With Bop@ — zb + yb + zb VF can be expressed as
v, _ OF g OF
VF 1) 5z bx + Egby o B?b

e Use VF to calculate an outward normal vector @i at point Q in terms of z, y, r, etc.
Result: o= IL'BX+ yBy+ zgy

Optional: Normal to an ellipsoid
The following figure shows a point @ on a ellipsoid of semi-diameters a, b, c.

Right-handed, orthogonal, unit vectors Bx, By, BZ are directed

with by pointing right along the ellipsoid’s major axis and

by pointing up along the ellipsoid’s minor axis. b

The position of @) from B, (the ellipsoid’s center) can be ex- ‘

pressed in terms of the scalars z, y, z as T
b
.

Bog@ — IBX + yBy + zgz

o Calculate z,y, zwhen x =3, 2=5, a=3, b=c=2.

. |<— a
Result: . . y = 2\@ ~ 1.414214 z=1

e Determine an outward normal vector 11 at point @) in terms of z, vy, 2, a, b, c.

e Calculate the unit vector in the 1 direction when =3, z2=5, a=3, c=2.

General case Unit vector with numerical values
Result: 2¢ ~ 2y ~ 25 ~ R ~ ~ ~
= by + —fby + =25, | 8 =0359b, + 0.762b, + 05395,
a b C

Copyright © 1992-2022 Paul Mitiguy. All rights reserved. 314 Homework 3: Position vectors/geometry



