Chapter 5 @}

Rotation matrices 1 ay
a,

Examples in Hw 4. Advanced rotation
matrices and ODEs in Chapters 6 and 9.

The figure shows two sets of right-handed orthogonal unit vec-

tors, namely a set a with ay, ay, a, and a set b with by, by, b,.

One way to describe the orientation between a and b is with a
3 x 3 rotation matriz “R° whose elements are defined in eqn (1)

~~

as “Rfj £ 3. b; (i,j = x,y,2). Eqn(1) also shows “Rf;’j is equal to

Proof: 5, . BJ é 5, |S_)| COSA(é.,, BJ).
(2.2) =~ =\~

the cosine of the angle between a; and Sj. D

A rotation matrix is also called a direction cosine matrixz whose elements are direction cosines. Advanced: Chapter 6

shows how orientation can be represented with Euler angles, quaternions (Euler parameters), Rodrigues parameters, etc.

A rotation matriz R is an orthogonal matrix, which means the o -
transpose of R is equal to the inverse of R, i.e., RT = R™.. ‘R* = ("R") = (“R’) (2)

Section 5.4.2 gives an example of calculating the inverse of a rotation matrix. Eqn (2) is proved in Section 5.8.1.

Since a rotation matrix is orthogonal (its inverse is its transpose), it is

. TP L . ‘R'| b b, b
convenient to store orientation information in a rotation table that X Y =
can be read horizontally or vertically.® A | Ax* Ex Ay * Ev Ay * Ez (3)
a |a,-b, a-b, a,-b,
“If either basis is non-orthogonal, use a relationship matrix (not a rotation - |~ o~ o~
matrix) because the inverse of a non-orthogonal matrix is not its transpose. a, |a,*b. a,*b, a,-b,

The rotation matrix “R¢ can be formed by successive matrix multi-
plication of the R’ °R¢, °R? rotation matrices.

Section 5.6 gives an example of successive matrix multiplication.

aRd — aRb * bRc * cRd (4)

Squash rule for multiplying
rotation matrices

5.1 Uses for the rotation matrix aRb (for geometry, statics, motion analysis, stress ...)

Dot-product between unit vectors a; and Bj (i,j = x,y,2), €.8., Ay * By.
Angle between unit vectors a; and bj (i,5 = x,y,z), e.g., £(ax, by).
Dot-product of V + W (arbitrary vectors), each which have a; and /or b; components (e.g., Section 5.4).

Cross-product  of v x w, each which may be expressed in terms of a; and/or Ej.

P

Expressing a vector v written in terms of ay, ay, a, instead in terms of by, by, b, (or vice-versa).
Multiplication  to form other rotation matrices, e.g., “R% = “R® % R¢ % ‘R? [e.g., Section 5.6, eqn (7)].

~~S AN

Angular velocity of rigid basis Bx, by, b, relative to rigid basis a, ay, a,.

%], = °R®[¥], to relate the column matrix representation of vector ¥ expressed in terms of
Squash rule ay, ay, a, to its column matrix representation in terms of by, by, b,.
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5.2 Rotation matrices and “squash rules”

Transposing
and using
orthogonality

(R)J)R

Transposing - = =
without [ .
orthogonality | ., . . . -

L — — — b
(aRb)T# bR [bl b2 b3_ = |41 a2 a3] (aR )

The definitions of the relationship matrix R and rotation matrix R follow directly from eqn(4.1). The rotation matrix

Optional: Rotation matrices and vector (or dyadic) measures V =Y ax T vy ay T v, a&
\'s

’Ulb + ’UQb + v3 by,

Given two sets of right-handed orthogonal unit vectors ayx, ay, a, and _
by, by, b;, Section 4.6 proves an arbitrary vector v can be expressed in 3 bra |

terms of scalars v,, vy, v, or vy, ve, v3 as shown right [above eqn (7)]. Vs

g . “da
The scalars v, va, v are related to vz, vy, v, as shown in eqn(7). —
The more compact form in eqn (8) relates the 3 x 1 basis a and basis b V], = "R" V], (8)
column matrix representations of ¥ [eqns (7), (8) are proved in Section 5.8.2]. Squash rule for expressing vectors

—
Similarly, eqn (9) relates the 3 x 3 matrix representations of a dyadic D [f)]b _ bpa [f)] a b (9)

expressed in the a and b bases (proved in Section 15.3). Squash rule Jor capressing dyadics

Eqn (10) relates the skew symmetric matrix representations of - -
a vector v expressed in the a and b bases (proved in Section 5.8.3). skew[V], = "R® skew[V],“R"| (10)
Although eqn (10) helps proofs, it is more efficient to use skew[V], = skew(’R? [V],).  Squash rule for skew-symmetric matrices

5.3 Rotation matrices - why are they so important?

In 2D (two dimensional) analysis, the orientation of a rigid body B in a frame N
can be characterized with a single angle, e.g., the pendulum angle # shown right.

Note: Even for this 31mple 2D pendulum, it is helpful to form the rotation matrix "R” between

~

Ny, Ny, n, and bx, by, b as the gravity force on B is -m gny, whereas Q’s velomty is L9b and

~

Q’s acceleration is L by — L 6? b "R® helps carry out dot-products, e.g., ny « by and n, * by.

In 3D analysis, the orientation of a rigid body B (e.g., a spiraling, wobbling, football) in A—@-\I
a reference frame N (e.g., a stadium) cannot be characterized by a single angle.® One

convenient way to measure B’s orientation in N is with a rotation matrix. - "‘@
% Advanced 3D (Chapter 6). A rigid body can be oriented with: One angle and a vector (Section 6.4), ’

or 4 parameters (quaternion) (Section 6.5), or 3 Euler angles (Section 6.2), or ...
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5.4 Examples of how to use a rotation matrix

A AN A
A~ AN

5.4.1 Example: Calculating angles between unit vectors a,, a,, a, and b,, b,, b,

A rotation table stores dot-products between unit vectors and makes it easy to calculate angles between
unit vectors. For example, “R? stores a, - b = (0.2588 in the a, row and b column. Using the definition
of dot-product in equation (2.2), the angle between ay and b, can be calculated as shown below.

~~ —~~ —~~

aRb b, b, b,

ay | 0.96225 -0.084186 0.2588

a, | 0.17008 0.92840 -0.33037
a, |-0.21248 0.36192 0.90767

Z(a,, b,) = acos(0.2588) ~ 75°

5.4.2 Example: Calculation of rotation matrix inverse (for efficiency, use the transpose).

The following rotation matrix R relates two right-handed, orthogonal, unitary bases.
Since a rotation matrix is orthogonal, its inverse can be written down by inspection (just transpose it).

[ 0.433  0.0580 0.8995 0 0.433  -0.25 -0.866
R = |-025 0.9665 0.0580 = R = 10.0580 0.9665 -0.25
-0.866 -0.25 0.4330 | 10.8995 0.0580 0.4330 |

5.4.3 Example: Rotation matrix for express, dot, and cross
The figure to the right shows a rod B connected to a fixed support A by a
revolute joint. Right-handed orthogonal unit vectors ay, ay, a, and by, gy, b,
are fixed in A and B. The "R® rotation table is given below-right.

A rotation table can be used to express a wvector in another basis

and perform dot-products and cross-products. For example, bfa ax ﬁy a,
Express First row of "R® gives: b, = cos(f)a, + sin(f)a, Ex cos(f) sin(d) O
Express First column of "R* gives: a, = cos(f) Bx — sin(#) Ey Ey sin(f) cos(f) O
Dot product Element in B}, row and a, column: b a, = -sin(f) b, 0 0 1

Dot product (a, + 23a,) (zb, + yb,) = z(a,+b,) + y(a.-b,) + 2z(@,+b.) + 2y(@,-b,)
= x [cos(0)] + y [-sin(f)] + 2z [sin(f)] + 2y [cos(8)]

Examples of mixed-basis cross-products (which first ezpresses unit vectors in a consistent basis) are:

by X (rax + yay) = [cos(f)ax + sin(f)ay] x (zax + yay) = [ycos(f) — z sin(f)] &,

~~

(B + 28y) x (@b + yby) = {[cos(6) +2 sin(0)] By + [2 cos(6) — sin(6)] by | x (¢by + yby)
= {y|[cos(f) + 2 sin(f)] — x[2 cos(#) — sin(0)]} b,

Angular velocity: Since Bz = a,, B has a simple angular velocity in A of BB = +9b . The + sign

results from the right-hand rule (point the forefingers of your right-hand in the direction of ay and curl them towards l;})
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5.5 Simple rotation matrices

Shown to the right is a rigid rod A connected to a fixed support N by a
revolute joint whose axis is parallel to the unit vectors n, = a,.
Rod A’s orientation in N is characterized by the right-handed rotation g4 ay.

Rigid plate B is connected to rod A by another revolute joint whose axis is
parallel to the unit vectors a, = b, (B can rotate freely about A’s long axis).
Plate B’s orientation in N is characterized by the right-handed rotation ¢ b,.

Note: The B-to-A revolute joint is perpendicular to the A-to-N revolute joint.

There are three sets of orthogonal unit vectors, one fixed in each of N, A, B:
namely ny, ny, n, and ay, ay, a, and by, by, b,.
This problem relates these three sets of unit vectors with rotation matrices.?

“Simple rotation matrices are formed using the definitions of sine and cosine (SohCahToa).

5.5.1 Example: Forming the simple rotation matrix “‘R"

e —— —
The rotation matrix “R"™ relating ayx, ay, a, and ny, ny, n, is a stmple A\
rotation matrix because the revolute joint constantly enforces ay = ny.

To form “R", it is helpful to draw a,, ay, a, and ny, ny, n, in the geo-
metrically suggestive way shown right. After using the definitions of sine
and cosine to express each of ay, ay, a, in terms of ny, ny, n, form the
“R™ rotation table as shown below.

ﬁx=ﬁx

— - - Related: Since ay = ny, A has a simple an-

~- fl I Ny n, gular velocity in N of Y@t = +Ga Dy |.

,\x ) (qa) 1, + sin(gs) R N jaj‘ 1 0 _ 0 The + sign results from the right-hand rule

a, = cos n S n, : : : .

Ay - 94 Ay A R iy g C(?S(qA) sin(ga) (point the forefingers of your right-hand in the

a, = -sin(g4) 0, + cos(ga) M, - sin(¢a) cos(qa) direction of ny and curl them towards ay).
The rotation table makes it easy (A, o (A, Bl 0 0 | [ny]
to fo.rm "‘\R",Athci rotat/i\on 1na£rix §y — eRn Ey or §y _ O cos(qa) sin(gn) Ey
relating a,, a,, a, to n,, n,, n,. a, ‘n, a, 0 -sin(gs) cos(ga)| [N,
The rotation matrix "R* is quickly Ny | (A, Ny, -1 0 0 |[ax’
and accurately calculated by the n, | = "R? | ay or |ny| = |0 cos(ga) -sin(ga)| | ay
transpose of “R". N, a, | ‘n, 0 sin(ga) cos(qa) | [z

5.5.2 Example: Forming the simple rotation matrix "R"

A~ AN

The rotation matrix *R? relating Bx, by, b, and ay, ay, a, is a simple a‘
rotation matrixz because the revolute joint constantly enforces b, = a,.

To form °R, it is helpful to draw Bx, By, B and a, ay, a, in the geo-
metrically suggestive way shown rlght After using the definitions of sine
and cosine to express each of bx, by, b& in terms of ay, ay, a,, one can
form the YR® rotation table as shown below.

brea ~ —~ ~ Related: Since BZ = a,, B has a simple an-

N K - By 2 lar velocity in A of |“@® = +¢sn

_ ~ : ~ = ular velocity in A o = 2 |
b, = cos(gg)a, + sin(gg)a, b, | cos(gs) sin(gs) 0 g ’ y - *ds
N in(gs) 3, + (¢5)3 N o The + sign results from the right-hand rule

= =-SIn a, COS a ) . :
Y 98 98) 9y Y sin(gp) cos(gs) 0 (point the forefingers of your right-hand in the
b, = a, b, 0 0 1 direction of ay and curl them towards ﬁx)
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5.5.3 Hug rule (a pattern for quickly forming simple rotation matrices)

S AN

Given: Two sets of orthogonal unit vectors Bx, by, b, and ay, ay, a, initially set with a; = b; (i = x,y,2),
then set b undergoes a simple rotation relative to set @ about one of b; = a; by an angle 6.

Then: The Bi row and 3a; column of the ®R® rotation table contain only 1 or 0 and the remaining four
elements of °R® have the pattern show right (based on a drawing of the unit vectors with 0 < 8 < 90°).

The =+ sign is 4 if the unit vector is hugged or = if “not hugged”. cos(f) = sin(0)
([Hug rule analogy courtesy of Dr. Mandy Koop]. + sin(#) cos(0)
Example: As drawn b, is hugged +sin(6) since it is AN M ‘R*| &, a, a,
between ay and ay, whereas By is not hugged. by"\f }Bx E" cos(f) “*sin(6) 0O
Likewise, as drawn a, is hugged +sin(f) since it is Y7 6\ 5, Ey -sin(f) cos(f) O
between by and Sy, whereas a, is not hugged. b,=3, b, 0 0 1

5.6 Forming rotation matrices with matrix multiplication

Equation (4) shows the rotation matrix “R¢ can be formed by suc-
cessive matrix multiplication of the R®, *R¢, °‘R¢ rotation matrices.
Applying this general technique to °R™ gives R™ = °R% x 2R™,

aRd — aRb * bRc % cRd
Squash rule for multiplying

(4) rotation matrices
" cos(gg) sin(gg) O 1 0 0 [cos(qs) sin(gg) cos(ga) sin(gg) sin(ga) ]
‘R"™ = |-sin(gs) cos(gs) O| * [0 cos(gqa) sin(ga)| = [-sin(gs) cos(gs) cos(ga) cos(gs) sin(ga)
0 0 1] 0 -sin(ga) cos(qa) | 0 -sin(q4) cos(qa)
bRa apn
bon : , : . ‘R*| n, n, 1,
The "R™ rotation table (shown right) is copied from = _ . .
its associated rotation matrix and succinctly re- E" cos(gs) sin(gs) cos(qa) sin(gz) sin(ga)
lates by, by, b, and 1, fi,, n,. The utility of the by | -sin(gp) cos(gs) cos(ga) cos(gs) sin(qa)
rotation table is shown below. b, 0 -sin(q,) cos(qa)

Express Bx cos(gp) Ny + sin(gp) cos(qa) ﬁy + sin(gp) sin(ga) N, from 1°* row of the "R™ rotation table.

Express ny, = COS(q B) by + -sin(qB) by + 0b, from 1°* column of the ’R™ rotation table.
b, -1, = |sin(gp) sin(q4) element in the by row and n, column.
Z(by,n,) = |acos [sin(gp) sin(qga)] angle between by and 1, — from the definition by - 1.

Rotation matrices are used for relative orientation such as the Soyuz spacecraft docking with the
international space station, or tele-robotic surgeries with needle/catheter insertion, etc.
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5.7 What is an angle?

The definition of the word “angle” is context-dependent, e.g., depending on whether measurements in-
volve sweep between two lines, two vectors (perhaps with a positive sense), two planes, time, etc.! 2

Angle 0 between two lines (0 < 6 < 90°)
is defined as the smallest angle between the lines.

e

Angle 0 between two vectors a and b (0 < 6 < 180°)
is defined as the smallest angle between a and b. It can be calculated as

0 = A(Ei, B) = aCOS( a: _l.)) (the acos function returns 0 < 6 < 180°).

al [b|
Angle 0 from vector a to vector b with positive sense s (-180° < 6 < 180°)
is positive when (&x b)+8 > 0 and negative when (&xb) -8 < 0.

—

a- P
| b

It can be calculated as # = =+ acos( ) where + is determined by sign[(a x b) - §].

Angle 0 from vector a to vector b with positive sense s and time (-00 <6 < +o0)
uses “wrap” and determines its initial negative/positive sign by sign((a x b) - 8).
Although the angle between two lines or two vectors or two planes is inherently non-
negative, an angle can be negative if there is a positive sense (e.g., clockwise is positive).
Shown right, the angle between the clock’s hour-hand and minute-hand is 90°, whereas the
angle from the hour-hand to the minute-hand with positive clockwise sense is -90°.

Angle 0 between a plane and a vector b (0 <6 < 90°)
is defined as the smallest angle between the plane and vector b. It can be calculated
6 = [90° — £(b, p)], where £Z(b, P) is the angle between b and P (perpendicular to the

plane). Note there are two perpendicular vectors to a plane (an “inward” and “outward” normal).

Angle 0 from a plane to a vector with positive plane sense p (-90° < 6 < 90°)
is well defined if there is one unambiguous vector p perpendicular to the plane. It
can be calculated § = + [90° — £Z(b, p)|, where + is determined by sign(b - p).

f is sometimes drawn with ) (single arrowhead) if it can be negative, otherwise ) (double arrowhead) is used.
Related: Translational measures (e.g., ) are sometimes drawn == if it can be negative, otherwise <— is used.
Note: The figures in the book are being updated to follow this Hunter /Furman (SJSU) angle-drawing convention.

In certain applications, angles have names (see table). However, there is no precise universally-agreed
definition for these angles, particularly when angles are large. For example, medical doctors and phys-
ical therapists have loosely used terms like flexion and extension for centuries. Modern biomechanics
rely on accurate measurements of these angles - and require more precise definition (see Section 6.3).

Application Names of angles

Aerospace and automotive | roll, pitch, yaw or heading, attitude, bank

Gait analysis (hip) rotation, obliquity, torsion

Knee analysis flexion /extension, internal /external rotation, adduction/abduction
Surveying and astronomy | inclination/declination, ascension, azimuth, elevation, grade, pitch
Spinning rigid body nutation, spin, precession, libration, wobble

Diving somersault, tilt, twist

'Height provides a useful analogy to angle. Usually, height is inherently non-negative, e.g., a person’s height is a positive
quantity. However, one may report height above sea-level as -10 m which implies a positive upward sense, hence -10 m is
10 m below sea level. Similarly, angles may be negative by providing a positive sense. Historically, angles (e.g., used by the
ancient Greeks) predate negative numbers (used by the Europeans =~ 1500 A.D.) by thousands of years.

*For example, the “dihedral angle” between two planes is the angle between the normals to the two planes.

Copyright © 1992-2022 Paul Mitiguy. All rights reserved. 34 Chapter 5: Rotation matrices |



5.8 Optional: Proofs

5.8.1 Proof that a rotation matrix is orthonormal

“R*| b, b, b,
The °R” rotation table relates two sets of right-handed orthogonal unit vectors, x| R Ry R.
. -~ s -~ -~ -~ . . X XX Xy z
namely, ay, z}\y, ai and by, by, b,. Since these z}\re oithogonal unit vectors, a, | Ry R, R,
ai+a =1 (i=xy2 and a-a; =0 (G #j a, | R,x R, R,
In view of the ®R? rotation table, 3; - a;j can also be written in terms of Rij (i,5,k = x,y,2), a8
ax"a\lezRix"'Riy'i'Riz ax'ay=0=Rxnyx+nyRyy+szR_yz ax'azzoz
a,a, = 0= R, R« + R,yR,y + R,R,, 3a,-3a, = 1= R} + R} + R}, a,+a, =0 =
a,+a, =0= ... a,ra, = 0= ... a,*a, =1 =

To show “R’ x (?R%)" equals the identity matrix I, multiply the rotation matrix by its transpose, i.e.,

Rxx ny sz- Rxx R_yx sz- I Rix + Riy + Riz Rxx Ryx + ny Ryy + sz R_yz
Ry, Ry, Ry, | *|R, Ry, R, | = |RyR«+ Ry, R + Ry, R,, R + R}, + R,
_sz Rzy Rzz_ _sz Ryz Rzz_ " _

The right-most matrix in the previous equation is the identity matrix I as it
elements a; + aj (i,j,k = x,y,2) are 1 or 0. Invoking the definition of the matrix (“Rb) b (aRb)T
inverse concludes the proof of equation (2), i.e.,

A~ AN

5.8.2 Proof of relationship between Bx, b,, b, and a,, a,, a, measures of a vector Vv

The proof of equation (7) starts by expressing Vv in terms of two sets of orthogonal unit vectors namely

ay, ay, a, and by, by, by where these are related by the “RY rotation matrix shown in equation (5).
V=v$5x+vyﬁy+vzﬁz Vv = v1 by + v9by 4+ v3bg
A, b, b,
= [’U_,L. Uy 'Uz] ﬁy (?) [’Um Uy ’Uz]aRb b2 - [’Ul U9 '1)3] b2
| Ay | _b3_ _b3_

Equating the previous two expres- e 5 Nl —— ——
si?)ns ngting %1 by, b are ilzlde- b b b1 - o |
? b b) aR — => — aR
pendent (form a 3D basis), and sub- e vy v b2 o1 vz vs) by v2 Yy

: . b3 b3 | V3] | Uz
sequently transposing produces: Rt Rt

5.8.3 Proof of skew-symmetric matrix relationship skew[V], = "R" skew[V], °R"

The proof of eqn (10) substitutes ay, ay, a, from eqn(5) into eqn (2.10) and rearranges as shown below.

by 8,
skew[J], = -V - by|x[by by b,] = R* V. |ay|x[ax 3, a,]°R’ i) "R skew([V], °R"
. B’ \A Av - -’ /a\ .
i &_ [ax ay az] aRb - | “Z v—’ P
"8 skew[V],
X

bRa 5\/

-az

Copyright © 1992-2022 Paul Mitiguy. All rights reserved. 35 Chapter 5: Rotation matrices |



Copyright © 1992-2022 Paul Mitiguy. All rights reserved. 36 Chapter 5: Rotation matrices |



Chapter 7

Vector differentiation and integration

Summary (see examples in Hw 5 and 6)

Vector derivatives play a central role in motion and geometry, e.g., in velocity (time-rate of change of po-

sition) and curvature (spatial-rate of change of position). This chapter presents a precise definition for the
derivative of a vector in an arbitrary reference frame A. It also relates vector derivatives in arbitrary
reference frames A and B through the golden rules for vector differentiation.

Derivative in reference frame A of v. Golden rules for vector differentiation (transport theorems)

dv o dvy = dvy = dvus 3 dv  “dv A=B _
dt o, dt & T g 3t g it G At T xV
Ty _ v

dt® (z.12) dt’

A Any= B
7.2

A reference frame is simply a rigid object such as a rigid body or rigid basis (e.g., orthogonal unit vectors a;, az, as).

7.1 Definition: Derivative of a vector in a I‘igid basis (or reference frame)

Referring to Section 4.6, when a;, as, ag form a 3D rigid vector basis A, any vector
Vv can be expressed as shown below in terms of scalars vy, ve, v3. When v, ve, vy de-
pend on a stngle scalar variable ¢, one can define the derivative in A of v with respect to t.

V = vya; + vpas + wsay
(4.1)
A 1)
dv s dv dv d_va (
dt Gt 31t gra: + “gias| or

More generally, when v, ve, vs are functions of the scalar variables s and ¢, the partial
derivative in A of Vv with respect to t can be defined as in eqn (2) (also see Section 7.5).

The derivative of ¥ in rigid basis a;, a2, as is equal to the derivative of Vv in rigid basis ay, ay, a, if both bases are fixed in the
same reference frame A. The partial derivative of v with respect to the scalar u is independent of A (rigid-basis/reference-

frame invariant) if u is unrelated to orientation (e.g., v is mass, a generalized speed, a force/torque measure, or ... ).

If u is an orientation variable: Aav ” B()v If u is unrelated to orientation: “9v _ BBV _ OV
(e.g., u is an angle @ or Euler parameter ¢n) Ou

(A and B are any reference frames or rigid bases) Jdu =~ Jdu =~ 0Ju

Example: Given a position vector ¥ = r cos(f)a, + r sin(f) a, + za,, where r, 8, z are time-dependent

a
3 A . .
5{%_& variables (cylindrical coordinates), then ﬁrti = [r cos(f) —r sin(f) 0] a, + [r sin(f)+r cos(f) ] a, + za,.
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7.2 What is a constant vector (i.e., a vector fixed in a reference frame).

When each of vy, v, v3 are constant, v is said to be a constant vector in A (v is fized in A), and:

e V has a constant magnitude, i.e., |i"| = (' where C is a constant.
e V has a constant direction in A, i.e., Vv+a, = C; where C; is a constant and &a; is any vector fixed in A.

Ao .
o AV _ 0 [proved by inspection of equation (1)].
dt
Note: It does not make sense to state that a “vector is constant or fixed” without specifying a reference frame (or rigid basis).
Ao .
Note: Certain analyses (e.g., conservation of translational/angular momentum) lead to expressions like % = 0.

Information about v is determined by setting |i’/| =C or v-a =C,.

7.3 Derivative of a constant magnitude vector (|¥| is constant)

ol . . - . If |V| is constant:
Concept: |V| is a scalar, so changes in |V| are independent of reference frame. _
F e VV -V is constant
v

If v has constant magnitude, ¢ (the derivative of Vv in any reference frame/rigid basis V-V is constant

F) is perpendicular to V [shown in eqn(3)]. This verifies the 2" example in Section 7.9. Fs (3)
— . — = . = F - N7 ° —

Proof of eqn (3): ¥V +V = constant, hence Ci%l = 0. Section 7.4 gives ‘ﬁ"d_tvl = 2V » 7?11‘,! v dt 0

7.4 Properties of ordinary or partial derivatives of vectors

A g

dt &t
Ad-' Ad—* Ad—*
@& T tod (4)

A= A 3=
di o . = . = dv
= X V W—l-uxdt

For an independent variable ¢, a dependent variable s(t), and any reference frame (or rigid basis) A. The 1* property
is the vector dot-product derivative property (the derivative of a scalar does not depend on reference frame: proved
in Section 7.12). The vector multiplication 1 * ¥ in the 3"* equation is discussed in Chapter 15 (dyad and dyadics).

7.5 Optional: Expressing a vector in terms of a rigid vector basis

Referring to Section 4.6, when &a;, a,, a3 form a 3D rigid vector basis A, any vector v
can be expressed as shown below-left in terms of scalars vy, vq, v3.

When one or more of vy, v9, v3 are a function of the scalar variable ¢, v is a vector function
of t in A and V evaluated in A at t =1 is defined as shown eqn (5) (below-right).

v (4=1) via; + vpas + wvsaj V(ﬂlA 2 ’Ul(ﬂal -+ '02(7552 -+ ’03(553 (5)

A reference frame can be constructed by as few as three non-collinear points P, P>, P3; whose distance from each other are
constant. Reference frames and rigid bases are discussed in Section 8.2. One (non-unique) rigid vector basis that can be

constructed from P, P>, P; uses: a; from P; to Ps; a, from P; to P3; and as = a; x as.

Vector derivatives relate position, velocity, and acceleration.
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7.6 Example: Derivative of a vector

A vector-derivative is substantially different than a scalar-derivative
because a vector derivative involves a change in direction (and reference
frame) whereas a scalar derivative does not.

To demonstrate how a vector-derivative involves a reference frame, con-
sider a rigid body B that rotates in a vertical plane A. Right-handed
orthogonal unit vectors ay, ay, a, and by, by, b, are fixed in A and B, "Re| a, a,

a,

cos(f) sin(f) O
0

1

w

respectively, with a, = b, normal to the plane (ie. b, = by x by).

(6)

~~ ~~

-sin(f)  cos(0)
0 0

A—-B ) -~
w = fa,

The orientation of Ex, by, b, is determined by first setting Bi = a
(i =x,y,z) and then B is subjected to a right-handed rotation in A char-
acterized by #a, (6 is a variable that depends on time t).

oo o
<

N

r's derivative in B r's derivative in A
Shown right are cal- ¥ = zb, r = ux [cos(f)a, + sin(f)a,]
culations of the time- | Bz e~ Adt ) . N . N . N N
derivatives of ¥ = z(t) b, |dt o7 b, dt (1,6 ICOS(B) - i sin(6) a"], + =0 I—sm(@) a"i cos(6) a-"],
in B and in A. b, b,

Ao
Since ﬁ 7= dt , it is clear reference frame makes a difference!.
The golden rule for vector differentiation relates these derivatives.

A B ~ . -~ ~ .~ . .
Example: d;dti" _ d;dti" + AGB 7 — ib, + b, x b, = ib, + Oxby. Explained /proved in Chapter 8

Since F is a wvector, its time-derivative describes its change in magnitude and direction. However, to determine how ¥’s
direction changes, we must ask “with respect to what”. For example, ¥’s direction does not change in B since T is always in
the by direction and by is fized on B. Conversely, as B rotates in A, ¥’s direction changes in A. The faster B spins in A,
the faster ¥’s direction changes in A. You can demonstrate this by spinning in a room while elongating a bike pump. More

information is in Chapter 8. This example is reworked in Section 8.3.1.

7.7 Optional: Differential of a vector in a rigid basis (or reference frame)

Referring to Section 7.5, when a vector v is regarded as a function of n independent scalar variables
t1,...,tn in a rigid basis (or reference frame) A, one may define a quantity 4dv in terms of dvi, dva, dvs
(differentials of scalar variables v1, vz, v3 as described in Section 7.5) or in terms of dt,, ..., dt, (differentials of
independent variables t, ..., t,). These “independent differentials” are defined as arbitrary (usually small)
scalar quantities that have the same dimension of ti,...

Adv—dva +dva + dvgza . s oV o v
(a) — 22 2231 o (b) [V & SFdt + Sdty + ... Sty
Ad¥ is called the differential in A of ¥V tn

When Vv is regarded as a function of a single scalar variable ¢ in A, eqn (8.b) reduces Ajy —
to the equation shown right. Subsequently dividing both sides by dt gives the ratio of (8) T
AT Adv : : : Adv A%

v to dt. Hence, although ry can always be regarded as a ratio of differentials, — = ot
it can sometimes be an ordinary derivative in the sense of eqn(1).
Note: The equivalence of the two definitions for “dv in eqn(8) is shown by substituting %% (%) agz a; tz ax + %—‘1
(z =1,2,. n) for “dv in eqn (8.b) and factoring on a;, as, as. Next, the coefficient of a; is seen as the differential of vy, i.e.,

E'L dt, + B_L dty + .. t dt,. Similarly for the coefficients of az, as.
(1. 16) t1 n
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7.8 Optional: Integral of a vector in a rigid basis (or reference frame)

When a vector Vv is regarded as a function of Integral in A of v

the scalar variable ¢ in a reference frame A A - - -
(or rigid vector basis) A, one can define: det — (fvl dt) ar + (fvf-’ dt) az + (fv3 dt) as| (9)

For example, substituting A0 = dvia; + dvoas + dvs as from eqn (8)] in for v in eqn (7.8) gives

A
/Adi" (8?8) (Jdvi)a) + ([Jdva)dz + ([dvs)ds = (vi+ci1)dr + (va+c2)dx + (vs+c3)as

—d .

= VvV + C where ¢ is a constant vector in A (i.e., ¢ is fixed in A) (10)

Eqn (10) is a definition for the integral in A of the differential of v.
Section 10.7 shows the utility of eqn (10) for integrating acceleration to find velocity and position.

7.9 Differentation concepts: Changes in magnitude and direction

In scalar calculus, df (the ordinary time-derivative of a scalar function f) df » .. f(t+h) — f(t)

. dt : = lim

is defined as shown to the right. t  h—o h
A = ] —

In vector calculus, v [the ordinary time-derivative in reference frame v o .. V(EtHh)4 — V(E)|4
dt pralie hhmo ;

A of a vector V] is defined as shown right where v(t+h)|, and v(t)|4

denote v evaluated in A at t + h and t, resp ectively. A is a reference frame or rigid vector basis

Differentiating a vector is more complicated than differentiating a scalar because a vector’s magnitude
can change, its direction in reference frame A can change, or both can change.

For example, the figure to the right shows a vector ¥ whose mag-

nitude changes but whose direction in reference frame A remains 3 ‘\@ ) F(t+h) - (t)
r r(t+h) - T

constant . The vector ¥(t+h) —F(t) measures the change in refer- g e
ence frame A of the vector ¥ from time ¢ to time ¢ + A. In the limit
A . . T(t+h)

as h— 0, the direction of T is parallel to r.

Shown right is a vector T whose magnitude is constant but whose
direction in frame A changes. The vector F(t+h) — ¥(t) measures j ‘\@ T(t+h) 9,
the change in reference frame A of the vector ¥ from time ¢ to time \

A ‘|
t+h. In the limit as h— 0, gtr is perpendicular to F(t). —>

The proof of these statements along with related important concepts are in Section 7.13.

7.10 Optional: Limit of a vector in a reference frame

Referring to Section 7.7, when a vector v is regarded as a function of the scalar variable £ in a reference
frame (or rigid vector basis) A, the tntegral in A of v can be defined as

(11)

To connect vector limits with vector differentiation, the limit definition in eqn(11) is applied as shown
below. Next, definition (1.15) is used for the partial derivatives of scalars v; (i=1, 2, 3) with respect to t.
Lastly, the definition in eqn(2) is employed to prove how vector limits relate to vector differentiation.

vis,t+h — V(s,t ' — ; o(s — v2(s 3(8, — v3(8,
im V(s, + )IA v(.s, )lA A lim vl(‘s’t+h) 'Ul(.S,t) a, + | lim vz(s,t+h) 'Uz(.S,t) a, + lim v3(31t+h) vJ(S-t) s
h— 0 h (11) |h— 0 h h— 0 h h— 0 h
A
3?.)1 - 3’1)2 - 3’03 _, 6?/
= — — = — 12
G T Rt M G o (12)
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7.11 Optional: Derivative of a scalar with respect to a vector (gradients)

If a scalar function F' (such as temperature) depends on a
vector_j'r (such as a position vector), it is useful to define a
vector Vg F' as shown right in eqn (13) where ay, ay, a, are |
any orthogonal unit vectors and v; = vV + @ (i=z,y,2).  VuF is the derivative of F with respect to V.

V. F is invariant with respect to the choice of basis vectors ay, ay, a, (proved [44, pg. 125]). When V. F
produces a force vector, the scalar function F' is called a force function. Equation (25.12) relates the
gradient of potential energy to force. When Vv is a position vector, Vg3 F is called a spatial gradient

(and is frequently denoted without the subscript as VF). If F' is a continuous function that describes the surface
of an object, V3 F' is normal to the surface of the object.

7.11.1 Differential geometry: Normal and tangent to a circle

The figure to the right shows a point ) on the periphery of a circle of ra-
dlus r that is centered at point B,. (Q’s position from B can be expressed as
Bog@ — a:b + yb where z and y are scalars and bx, by, bz are right-handed

orthogonal unit vectors with bZ perpendicular to the plane of the circle.

This circle is defined as the locus of points in the Bz plane that are a dis-
tance r from point B,. Mathematically, this circles’s boundary is described by
B "i"Q| = r, which gives the scalar function F' (shown below) that relates x, y, r

In general, when a scalar function F' describes an object’s boundary, .
the spatial gradient VF is normal to the boundary. As shown right, \
VF calculates an outward normal vector @i at point () and facilitates
calculation of a tangent vector t at () (directed as shown in the figure).

B"i"szgx+yBy F=zx24+9y>-1r2=0

e+l

|l =
o) |l
N

7.11.2 Differential geometry: Normal and tangent to an ellipse

The figure to the right shows a point ) on the periphery of an ellipse of
semi-diameters a and b that is centered at point B,. @’s position from
B, is Pog@ = :vb - yb where z and y are scalars and bx, by, b are

right-handed orthogonal unit vectors with bz perpendicular to the plane of

the ellipse, by along the ellipse’s major axis, and by along its minor axis. |4 o~ .- a -l
In general, when a scalar function F' describes an object’s boundary, L, OF < OF o
the spatial gradient VF is normal to the boundary. As shown right, VE = 0z P T Gy Py
VF' calculates an outward normal vector n at point () and facilitates i =VF = 2z Bx + 2_23 By
calculation of a tangent vector t at () (directed as shown in the figure). Lo~ _; N 2b "
Bo=Q By -~ 72 z t=bz><n= ?ybx-{— a—g:by
°T® =zby + yby F=E.2—+b2—1 0
7.11.3 Differential geometry: Normal (gradient) to an ellipsoid
Gradients are used for analyzing the non-intuitive Ell F = z? ° z:z 1 =
‘ wobble and spin reversal of a dynamic celt. ipsoid: a® oz T %I + & U
www.MotionGenesis.com = Get Started = Rattleback = - F T OF 1 OF 1=
2 +
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7.12 Optional: Proof of vector dot-product derivative property

One way to prove the vector dot-product derivative property
(first equation in Section 7.4) starts by expressing arbitrary vectors u
and Vv in terms of a set of orthogonal unit vectors ay, ay, a, fixed in
a reference frame (or rigid basis) A and calculating their dot-product. UW*V = uz vy + uyvy + u v,

= Uz ax + Uyay + U;ay
V =uva, +v,a, +v,a, (14)

=1

Differentiating the scalar quantity u-v with respect to the scalar variable ¢ produces

d(d-v) . . : : : :
dt (1=4) Uy Vyp + Uy Vyp -+ uy vy + uy vy + U, v, + U, v, (15)
A A,
The next step is to form the right-hand side of the equation being proved, i.e., % VvV + u- %, as

A Ao
s (1%4) e B Uy 3y + U2, %'v(ﬁ) U Vs + ty By F Us 0
A & A (16)
% (1214) Uz 8x + Uyay + U3, ﬁ-% &9 Uz Vg + Uy Uy + Uz V;

Combining the two right-most equations in the previous set of equations gives

A _, A,
du — -—p dv ° . - . . v (17

This proof concludes by seeing the equivalence of eqns (15) and (17), and recalling that ay, ay, a, are fixed
in an arbitrary reference frame (or rigid basis) A. Hence, for arbitrary reference frames (or rigid bases) A or B,

Note: The vector dot-product derivative property is used to prove the uniqueness and existence of the golden rule for

vector differentiation [equation (8.1)] in Section 8.5.1.

This proof does not require (but is greatly simplified with) orthogonal unit vectors. To prove with non-orthogonal unit vectors

ai, az, a3, write U-v in terms of a;-az, a;-as, az-as (which are the cosines of angles between the unit vectors) and then

_ . . d(a;-a;
note that for a rigid basis A, the angles between these unit vectors are constant - and hence J%l*'l =0 (4,7=1,2,3).

7.13 Optional: Proof magnitude-direction properties for vector derivative

Any non-zero vector v can be written in magnitude-direction form as vV =7vu

4 - — R . 0g s ~ . . . . A — A A~

V = vu (V’s magnitude v is a positive scalar and u is a unit vector in the direc- dv dv _ du

tion of ¥). V’s derivative in an arbitrary reference frame A is shown right. t (a) 78 T dt (18)
‘du

Dot-multiplying eqn (18) first with u then —; produces

P 1 Ay~ O d ‘ _
dav o, 5 — dvg is “du, 45 _ dv Y (change in ¥’s magnitude
g U= Gea +egrfa =G - azAA( - griude) [ 1g)
0
v Ma _ dvg 4, dd, da _ , Mdd, Ydd = p4u.du

dt " dt oo dt®dt TVdt Cdt T Vdt dt

The previous proof uses the fact [from eqn(3)] that for any constant-length vector (e.g., the unit vector u), W ~u = 0.

%% is the change in v’s magnitude. u = 0, Vv’s magnitude is constant.

A g~ A g~ A g~
du | Zdu g tphig g 0, —dU

Vgt i It = 0 so u’s direction (and hence ¥’s direction) is constant in A.
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